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Conditions when statistical tests for model discrimination have high power

Some examples from pharmacokinetics, ligand binding,
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The situation where data pairs x;, y; are actually generated by a true model, f(#, x), but erroneously fitted by a deficient model,
g(@, x), is explored. A function, Q(#), is described which is the average squared distance between f(#, x) and the best-fit false
model, g(e, x). For a range of x covering 5-95% “saturation’ of f(#, x), @Q(#) is calculated numerically for sums of exponentials,
binding functions and rational functions. In each case, the region of ¢ when the second model in the series can be reliably

differentiated from the first by statistical tests is described.

1. Introduction

There are numerous occasions when experimen-
tal workers assume that an appropriate determin-
istic equation to fit data is one from a famuly
fi» 5., f,- These models are then fitted sequen-
tially and parameter redundancy estimated statis-
tically. A good example would be the use of an F
test [1] to estimate the contribution of possible
predictor variables in multi-linear regression, or
perhaps to fit a polynomial up to the highest
statistically significant degree. The statistical
power of such procedures could be calculated as a
function of the data variance matrix, the design
matrix and the true parameter vector for linear
models. However, in life sciences, it is often ap-
propriate to fit non-linear models to data and then
it is not so clear how to proceed analytically.

The general theory of data fitting and model
discrimination is well developed [2,3] and atten-

tion has been paid to design criteria for parameter
estimates with the common non-linear models used
in life sciences [4]. However, apart from Monte
Carlo simulations [5] and some analytical results
with exponential functions [6], the conditions im-
posed on parameters for correct model discrimina-
tion have not been explored for biochemical mod-
els.

In this paper we examine the first two models,
fi» f» say, of some series extensively used in
protein denaturation, pharmacokinetics, binding
isotherms, dose-response curves and enzyme kinet-
ics and establish regions of parameter space where
statistical tests can be expected to have high power.

2. General theory

Suppose the correct model is f(#, x), but a
deficient model, g(p, x), is fitted to data pairs
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X;, y; to provide the best-fit parameter vector, ¢.
Clearly

yi=1(®, x;) +¢

=gle, x)+ {f(8, x,) —g(e, x;)} +¢;
and so the estimated residuals would be
n=y—f($, x)
when fitting the correct model, or
=y~ 8(%, x.)

=f(#, x)—5(®, x;) +¢

when fitting the wrong model. Evidently model
discrimination is favoured when the model error,
f(9, x;) — g(@, x,), is large compared to the ex-
perimental error, g,. Proceeding to the limit of
high-quality, dense data, we can claim that suc-
cessful model discrimination requires a large value
of the function Q(#) defined as

F(9, )

= < [P, x) - g(p. %)) dx

(xz - xl) *1
0(#) = min F(9, )
=F(3, ¢)

where the average value of the squared model
error has been minimised with respect to .

The problems are how to choose g(p, x) given
f(9, x), how to select sensible values for x, and
x; and then how to calculate @(8).

The function Q(#) just described is the average
value of the square of the length of the model
error between the limits x; and x,. Since the
value of Q(+#) depends on the choice of x; and x,
we must adopt a convention. In some kinetic
experiments, such as protein denaturation, it is
possible to estimate the signal value at time =0
or t = oo by independent experiments. Then x; =
0, x, = o0 would be appropriate. In ligand-binding
experiments, the zero-saturation point can be
estimated from the background and the infinite-
saturation point can be estimated by extrapola-
tion, although the actual data usually cover the
range of say 10-90% saturation. With steady-state
kinetics an additional complication is that sub-

strate inhibition may be present. Sometimes ex-
perimental data can be obtained at such suffi-
ciently high substrate values that the velocity 1s
almost reduced to zero but on other occasions it is
only possible to extend substrate levels to just
beyond, or even just short of a turning point.

In this paper we chose x; so that f(#, x;)=
0.95 f(#, 0) for monotonically decreasing profiles
or f(9, x;)=0.05 f(#, o) for monotonically in-
creasing profiles, The point x, was chosen so that
f(9, x,)=0.05f(#, 0) for monotonically decreas-
ing profiles or f(#, x,) =0.95/(®, ) for mono-
tonically increasing profiles. For steady-state
kinetic curves with a turning point at x = x,, then
x,; was selected so that f(¥, x;)=0.05/(9, x,)
and x, was chosen so that f(&, x,)=
0.5(f(®, x,) + f(#, 0)).

Software was written in FORTRAN 77 using
subroutines from the Numerical Algorithms Group
(NAG) library. Polynomial equations were solved
using CO2AEF, transcendental equations by
COSAZF and numerical integrations employed
DO1AJF. Where @ was 1-dimensional, F(#, ¢)/
d@ = 0 was solved. Otherwise ¢ was obtained using
the quasi-Newton optimisation algorithm E04JAF.
Contour diagrams for Q(¥) were constructed by
graphical interpolation of two-dimensional cross-
sections of the three-dimensional surface.

3. A parallel first-order kinetic scheme

Suppose there are two independent chemical
reactions taking place such as

Lo

X, =Y,
L3
X,—=Y,

as in the denaturation of two isoenzymes. Then
the signal measured would take the form

F(i)=a,e %" + a,e %2,

After normalising, a suitable choice covering all
possible parameter ranges for f(¥9. x) and g(g, x)
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Fig. 1. Q for a parallel double exponential scheme fitted by a
single exponential model with fixed amplitude. Model dis-
crimination would fail for choices of parameters in the shaded
region. Unless the fraction of either rapidly or slowly decaying
component is very small, then rate constant ratios in cxcess of
2 lead to successful model identification.

would be

f(9, x)=(1~9)e*+ 01e_02x,
0, <1, d=ky/k =2 1.

gly, x)=e™, @20

'°90k2/k1"‘2>k1
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Fig. 2. @ for a parallel double exponential scheme fitted by a
single exponential with variable amplitude. Model discrimina-
tion is now more difficult than with the case described in fig. 1.
For most choices of the fractions of components there is an
optimum ratio of k; /k; of about 10 for successful model
discrimination. This is because a small component of rapidly
decaying exponential near the origin cannot be detected if the
amplitude of the best-fit single exponential is allowed to vary.

This choice of g(¢, x) presumes that f(¢p, 0)=1
is known with certainty and #; can be thought of
as the fraction of rapidly decaying species while
¥, is the rate constant ratio. Normalisation con-
sisted of choosing units so that f(#,0)=1 and
selecting a time scale x = k.

The contour diagram for Q(#) is shown in fig.
1. @(¥) is zero for #,=1 and all &, and is also
zero for ¢, =0 and &, = 1. Elsewhere Q(&) in-
creases steadily with increasing &, for fixed &,.

If the point f(#,0)=1 is not known with
certainty then the experimentalist might be
tempted to fit the data using

gle, x) =™ ¢, 20, ¢, >0.

The contours for @(#) in this circumstance are
shown in fig. 2. The unsymmetrical nature of the
surface and increased difficulty in detecting the
correct model are clear.

The profiles in figs. 1 and 2 are rather depen-
dent on the choice of x; and x, but the qualita-
tive difference between the two results remains. If
the single exponential e~ % is fitted to the double
exponential curve then model discrimination in-
creases indefinitely as the two rate constants k,
and k, separate. If the single exponential ¢ e~ %
with an amplitude factor is fitted, then, because
¢, is allowed to vary, a small rapidly decaying
portion of f(4&, x) near the origin can be over-
looked. This is markedly influenced by the choice
of x;. A small slowly decaying component is not
so casily overlooked unless a constant, ¢, say, is
added to the single exponential. The effect would
then be dependent on the choice for x,. However,
for most reasonable choices for the proportion of
fast to slow exponentials and x; and x,, model
discrimination reaches a maximum when the rate
constants are separated by an order of magnitude
as shown in fig. 2.

4. A consecutive compartmental model

Suppose three compartments A, B and C are
linked as follows

ey key
A—->B-C.
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Examples could be taken from radioactive decay,
pharmacokinetics or transient enzyme kinetics with
the solution

kyAge™ !
C(t) = (Ay+ By + G) — 24—
0 0 ()) (kzﬁkl)
kA
—(By— 2~ be kN, Kk #k
{O (kz‘k1)}e ! :
=(Ay+ By + Cy) — (kAgt + Ay + By)e ¥,
ky=k,=k.

Allowing the steps to be reversible leads to a more
complicated expression of the same form with
eigenvalues replacing the negative rate constants.
Assuming A(®) =1, B(0)=C(0)=0 and &=
k,/ky, then normalising gives

f(9, x)=1—(Fe ' —e ™)/ (8—1), k +k,
=1-(r+1)e”", k,=k,.
glg, x)=1-e%.

The graph of Q(#) is in fig. 3 and shows how
model discrimination becomes increasingly dif-
ficult as the two rate constants separate. An ana-
lytical treatment of the previous case with &, = 0.5

-4

-10

o] 1 2 3 4
0310k, /

Fig. 3. @ for a sequential two compartment model fitted by a
single exponential model. The correct model can be identified
unless the rate constant ratio &, /k; (or ky/k,) becomes too
large, say greater than 100, as indicated by a dashed line.
When the ratio is large, the sigmoidal character of C(¢) is lost,
one step becomes rate-limiting and the C(¢) profile cannot be
differentiated from a single exponential one.

and in both this and the previous case with x; =0,
x, = oo has been given [6].

The behaviour shown in fig. 3 is in marked
contrast to figs. 1 and 2. When B,= ;=0 the
equation for C(z) becomes symmetrical with re-
spect to k; and k,. If either k; > k, or k, >k,
then one of these steps becomes rate-limiting, the
sigmoid character of the C(¢) profile is lost, the
single exponential curve gives a good fit and the
presence of the central compartment, B, cannot be
detected.

5. Saturation functions of order 2 and 3
The general saturation function, y(x), of order
n can be written with n independent intrinsic
binding constants, K,, using the binding poly-
nomial
n
p(x)=1+ (1)K1x

+(")K1K2x2+ KKy - K X"

2
and
1 dln p(x)
y(x)= n dinx °
2
O -4+
o
g
i
L
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Fig. 4. @ for a two ligand binding site model fitted by
hyperbolic binding model. The correct model can be identified
unless the ratio K, /K, is in the range of approx. 0.5-2 as
indicated by thc dashed line. When the problem is normalised
as described in the text, the Q value is greater for positive
cooperativity (K, > K) than for negative cooperativity ( K, <
K.
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Fig. 5. Q for three ligand binding sites on a macromolecule
fitted by a sccond-order binding model. Model discrimination
is not possiblc for regions of parameter space indicated by the
shaded section.

To consider the outcome of fitting order 2 by
order 1, the appropriate pair after normalising are

dx2+ x
P x)=——""——,9=K,/K
#( ) IxT+2x+1 %
and
P
g((p’x)_<px+l

leading to the Q(#) function of fig. 4.
For fitting order 3 by order 2 then Q(#9) of fig.
5 results, using the pair

3,9, x3 + 29, x%2+ x

3, x)= s
7 ) 9,9 x7+ 39, x>+ 3x+1
4, =K,/K,, %, = Ky/K,
and
2
QP X+ @ X
gle, x)=—2 :

@sprx” + 29 x+ 17

The precise shapes of some of these figures,
especially figs. 4 and S5, depend on the sort of
normalising procedure used. The one adopted here
can be interpreted as follows: first K, is de-
termined, then units of ligand concentration x =
K, X are chosen. This is equivalent to setting
K, = 1 before fitting the deficient model.

6. High /low-affinity sites

The general n-th order saturation function,
y(x), for a mixture of m independent binding
sites with association constant, K, is obtained
from

p(x)=(1+Kx)"(1+K,x)". ..
Yn,=n.
In fitting dose-response or receptor-binding
curves it is usual to consider the special case
(x) - flle
Y Kix+1

1+K,x)",

L Kx
K,x+1°

f1+f2=1

where the f, are fractions of high/low-affinity
sites.

After normalising, an appropriate choice to ex-
amine the fitting of order 2 by order 1 would be

(1—-49)x $9,x
/(9. x)= x+1 dx+1°
0<d, <1, 3,=K,/K, > 1.
and
.
g(q)v x)_ q3x+1

3=
5 high/ low affinity sites
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Fig. 6. O for a mixture of high- and low-affinity sites fitted by
a hyperbolic binding model. As long as the ratio of binding
constants exceeds 2 and the fraction of either low- or high-af-
finity sites is not too small, the correct model will be identified.
The shaded region illustrates regions of parameter space where
model discrimination will fail.
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and for this choice Q(#) can be seen in fig. 6.

To understand the fitting of mixed low/high-
affinity sites by the general order 2 saturation
function requires careful consideration. The high/
low-affinity sites model is a saturation function of
order n; + n,. The condition for it to be also a
saturation function of order 2 is that

fiKx LEKx 9% x%+9x
Kix+1 Kyx+1 99 x2+28x+1"

for some #,, 9,

or
K.Q2fi-1)+K,(2/,—-1)=0

requiring f, =f,=0.5. When f, =0, f,=0 or K,
= K,, Q(¥#) is identically zero because it is then a
saturation function of order 1.

Q(9) of fig. 7 used the normalised forms

(1-9)x 8,9,x
fO ) = T e h 1
and

2
PP X" + i x
g, x) = —————.
e x +2¢x+1
31 high/low affinity sites
BB # X

ot e AL LA
B X2 e 28X 41

\/ 1073
24
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Fig. 7. @ for a mixture of high- and low-affinity sites fitted by
a second-order binding model. The shaded area, where model
discrimination will fail, is more extensive than in the previous
figure. Fractions approaching 0.5 cannot be identified and a
higher ratio of K, /K, say 10, is required for successful model
discrimination.

Fig. 6 is straightforward and should be com-
pared to fig. 4. Fig. 7 is useful in a slightly
different context. It is helpful in the situation
where an experimental worker has obtained curved
Scatchard plots and wishes to decide whether a
general second-order model allowing for positive
or negative cooperativity is required or whether a
mixture of independent high/low-affinity sites in
some proportion is justified. The second-order
model has two degrees of freedom, the two bind-
ing constants. However, the mixture of high/low-
affinity sites is not a second-order saturation func-
tion, since it has an additional parameter repre-
senting the fraction of high-affinity sites, i.e., the
ratio of V., /V. a2, if a sum of two Michaelis-
Menten equations is fitted.

7. A second-order steady-state kinetic model

All velocity vs. concentration curves, v(S), re-
sulting from second-order, one-substrate mecha-
nisms can be modelled by a simple sequential
mechanism [7] with rate equation

2E,(k,K,\S+ k,K,K,S?)
v=
1+2K,S+K,K,$?

where the k; are product release constants and the
K, Michaelis constants, both corrected for statisti-
cal factors.

The intrinsic kinetic cooperativity is negative
when k; > k, but substrate inhibition requires the
stronger constraint k, > 4k,. The intrinsic bind-
ing cooperativity is positive when K, > K, but a
sigmoid v(S) requires the stronger constraint
K,/K, >2k,/k,. A concave-up double-reciprocal
plot requires (k,/k,)?+ (K,/K;—1)> 0 and so
although K, > K, is a sufficient condition for
this, it is not necessary.

The appropriate formulae are

P x? 4+
f(ﬂ, x)=_2);71x
Px<+x+1
and
I 4 Tl
g(‘p,x)*‘pz_'_l
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where

f(9, x)=v/2k,E,
¥ =k, /2k,

and

4, =K,/4K,.

The contour diagram for this choice is shown in
fig. 8. Q(#) is only zero when 4, — #;(1 — #,) = 0.

We previously pointed out that detection of
second-order terms in a 2:2 rational function is
particularly easy [5].

In fact it is only for values of k|, k,, K, and
K, near the locus (k;/k,)?+(K,/K,—1)=0
that model discrimination will fail. Monte Carlo
simulations have established that the F test statis-
tics for 1:1 and 2:2 rational functions are ap-
proximately F-distributed, parameter estimates are
relatively unbiased and the linear approximation
covariance matrix gives useful confidence limits.
However, the rational function

v/E,= 2 a8’/ 2 B’
i=1 i=0

has 2n adjustable parameters and, in general, only
two parameters, «, /B, and «a,/B,, can be esti-

2
92)( + 8X
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A
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2 X log,; 8, 1072
1
/
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10-3 //

10°4
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Fig. 8. 0 for a second-order rational function fitted by a
first-order rational function. Q is only zero when §;(1— 4;) —
9, = 0. This limiting curve is surrounded by a strip of parame-
ter space, shaded in the figure and almost entirely bounded by
& <1, &, <1, where the second-order character cannot be
detected.

mated with any useful precision. So we have the
paradox that statistical tests based upon parame-
ter estimation could reliably indicate a kinetic
order of 2, 3 or even 4 in extreme cases without
yielding useful parameter estimates due to a dense
correlation matrix, i.e., parameter redundancy.

8. Conclusions

A reasonable question to ask is: What must be
the magnitude of the parameters in f(#, x) before
it can be distinguished by statistical tests from
g(p, x)? Obviously the answer to this question
will depend upon the number of experimental
points, their spacing, the limit points x; and x,,
the nature of the error and the type of statistical
test used. Often a qualitative answer can be given,
usually in the form of: when the parameters are
widely separated (or perhaps close together). In
this paper we have attempted to give a quantita-
tive answer by presenting calculated contours for
the values of Q(#). Where Q(#) is large numeri-
cally then f(#, x) can be distinguished from
g(g, x) but this statement requires qualification.

First we note that Q(#) depends upon the
limits x; and x,. We have found that the contour
diagrams do not change very much for values of
x, and x, that could be realised experimentally,
e.g., 5-95%, 10-90% or even 15-85% saturation.

Secondly we have found that the diagrams do
not change much in shape if logarithmic coordi-
nates are used, corresponding to a geometrically
spaced design. However, the numerical values of
QO(®) are different. In the case of monotonically
increasing profiles like saturation functions, Q(#)
is much larger in logarithmic coordinates than in
linear ones suggesting the superiority of geometri-
cally spaced rather than arithmetically spaced de-
sign points. So calculating Q(#) in alternative
coordinates provides a method for studying alter-
native designs.

Thirdly we have generated data for these mod-
els, fitted f(&, x) and g(¢, x) by nonlinear re-
gression and performed F tests and run tests to
discover areas where f({#, x) can be distinguished
from g(¢, x). Usually f(#, x) cannot be differen-
tiated from g(g, x) when values of Q(#) are less
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than 10—°. However, with reasonable numbers of
experimental points (10-15, say), sensible ranges
of x;, to x, (5-95 to 15-85%, say) and realistic
errors (5-7.5% relative error, say), then f(&, x)
can usually be differentiated from g(p, x)in those
regions of parameter space where Q(9) > 10%.
In conclusion we suggest that the shaded re-
gions of figs. 1-8 represent regions of parameter
space where the correct model, f(#, x), cannot be
reliably differentiated from the deficient model,
g(p, x). Regions of parameter space inside the
Q(#)=10"7 contour represent parameter values
where the correct model, f(#, x), can be dis-
tinguished from the deficient model, g(e, x),
using for instance the F test with data of the

extent and quality typically encountered in the
biochemical laboratory.
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